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EXPONENTIAL SUMS

The estimate of Hasse-Davenport-Weil *

Peter Roquette

1. Statement of main result

Let p be a prime number. We consider exponential sums which are expressions

of the form

2mi f(a)
Sp= 2. ¢ P

al’IlOdp

where f(z) € Z[z] is a polynomial with integer coefficients. More generally,
instead of the prime field Z /p we may work over any finite field K with ¢ = p*
elements. Let tr: K — Z /p denote the trace operator from K to its prime

field. Then, an exponential sum over K is any expression of the form

2mitr fa)

Sf:Ze p

a€K
where f(z) € Klz] is a polynomial. In order to simplify notation, we put
2mitr (a)
x(a)=e P (e € K). (1)
This is the canonical character x : K — W, from the additive group of K
onto the multiplicative group W), of p-th roots of unity in the field of complex
numbers. Now the exponential sum as above can be written in the form

S;=3 xf(a). (2)

a€K

*These notes are meant as reading material for an introductory course on algebraic function
fields. They contain proofs and references for some part of my lectures at the Escola de
Algebra in Rio de Janeiro, July 1996. The notations here, however, may not always be the
same as were used in the lecture.
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Our aim is to derive an upper bound for the absolute value |Sy| of such an
exponential sum.
Every summand of Sy is a complex number of absolute value 1. Since there

are ¢ summands we have the trivial estimate
IS¢l < q. (3)

For some polynomials f(z) we have equality here. For instance, if f(z) =
¢ is a constant polynomial then x f(a) = x(c) for every ¢ € K and hence:
Sy = qx(c), |S¢] = ¢. Another instance occurs when f(z) is of the form
f(z) = g(z)? — g(x) for some polynomial g(z) € K[z]. Then for each a € K we
have tr g(a)? = trg(a), hence tr f(a) = 0, x f(a) = 1. Thus S; = q.

In both these instances the degree d of f(x) is divisible by p. Now we claim:

Theorem 1. Suppose that the degree d of f(z) is not divisible by p. Then the

exzponential sum (2) admils the estimalte

157l < (d=1)vq. (4)

Of course, this is a proper improvement against (3) only if d < /g. The
essential point of Theorem 1 is that for large g this estimate, involving only the
square root, is of much smaller order of magnitude than the trivial estimate q.
This is of great importance in various applications, not only in coding theory
but also in number theory. It can be shown that the exponent 1, which occurs

in the square root, is best possible for this problem in its order of magnitude.

Remark. If f(z) is of the form

J(@) = i) + g(=)" — g(=) (5)

then tr f(a) = tr fi(a) and hence Sy = Sy,. Now, it is easily verified ! that
every polynomial f(z) € K[z] can be written in the form (5) such that

deg fi(z) < deg f(2)
1See e.g., [S] p-114. (Letters in brackets refer to the bibliography at the end of these notes.)
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and that the following alternatives hold:

either deg fi(z) # Omodp
or deg fi(z) = 0.

In the first case we see that the estimate (4) of Theorem 1 for fi(z) implies the
same for f(z). In the second case fi(z) = ¢ € K. Thus the only exceptions to

(4) are the polynomials of the form
[(@) = c+g(z)" —g(2)

and for these we have seen that |S¢| = q.
O

The case of degree d =1 is easily dealt with. Namely, we then have f(z) =
¢o + c1z with ¢ # 0. If a ranges over the elements in K then ¢y + ¢ja ranges
also over all the elements in K’; hence

Sr=> x(co+ca)=> x(a)=0
a€K a€K

because x is a nontrivial character of the additive group of K.

In the next sections we shall prepare the way which will enable us to deal
with arbitrary degree d Z O0mod p. Our presentation here follows essentially

that given by Hasse [H]. We shall have to use several facts on algebraic function

fields; these can all be found in Stichtenoth’s book [S].

2. The divisor character x; and its L-series

We work in the rational function field F' = K (z). From [S] Chap. I we recall the
notions of place and divisor of F'. There are ¢ + 1 places of degree 1 of I, and
they correspond 1 —1 to the g elements a € K and to co. We use the notations
P, and P, respectively. If a € K then P, is the zero of the polynomial = — a.
And P, is the pole of x, which equals the zero of 2.

The places P # P., of F' correspond 1 — 1 to the irreducible monic polyno-
mials h(z) € K[z], such that P is the zero divisor of h(z). We use the notation
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hp(z) to indicate that this polynomial corresponds to P. The residue field of P
is Fp = K(c) where a is aroot of hp(x). The degree of P equals the polynomial
degree of hp(z). If a € K then hp,(z) =z — a.

We consider divisors D of F' which do not contain P., in their support.
Every such divisor is of the form

D= > np-P (6)

P#Pe
where the multiplicities np are integers, only finitely many of which are # 0.
These divisors form a group Dy, a subgroup of the group D of all divisors of F.
The notation Dy indicates that the pole of [, namely Py, is excluded.
First assume that D is positive; this means that np > 0 for all multiplicities
np of D. We write D > 0. We put
hp(z) = I hp(2)"";

P#Py,
this is a monic polynomial in K[z], called the characteristic polynomial of D.

Its degree is

n = Z npdeg P =deg D .
P#Ps

We decompose hp(z) into linear factors:
hp(z) = H (2 — ). (7)
1<i<n

The roots a;  are contained in some algebraic extension of K. For any «;, all
its conjugates over K are also roots of hp(z), with the same multiplicity as «;

itself. Hence the following definition yields an element d¢(D) € K:

95(D)= 3 f(en). (8)

1<i<n

If Dy, Dy > 0 are two positive divisors then hp,yp, = hp, hp, and hence

(D1 + Dy) = 9¢(D1) + 04(D2) .

2From now on we shall use the letter i as a running index. We shall not have occasion any
more to interpret i = +/—1 as in section 1.
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If D € Dy is an arbitrary divisor, not necessarily positive, then we write D =

Dy — D, as the difference of two positive divisors and define
95(D) = 95(Dr) — 9¢(Ds).
Indeed this is well defined. We thus obtain an additive homomorphism
J;:Dy K

from the divisor group Dy to the additive group of K. The notation d; has
been chosen in order to indicate that, as we shall see later, this homomorphism
can also be defined by suitable differentiation in the field F.

Combined with the canonical character x we obtain a character D + x 9y(D)
from Dy to the multiplicative group W, of p-th roots of unity. This character
is denoted by

Xs: Dy Wy

If D = P, with ¢ € K then by definition,

and hence

X5 (Pa) = x f(a). (10)

Now let ¢ be a complex variable and consider the power series

Ltlxs) = Yo xs(D) 1982 =14 37| 37 xs(D)| 4", (11)
D>0 n>1 \ deg D=n
= D>0
where D ranges over the positive divisors in Dy. The coefficient of the first
power ¢! can be described as follows: The positive divisors D € Dy of degree 1
are precisely the places P, of degree 1, corresponding to the elements a € K.
For those we have (10) and hence the coefficient of t' in (11) equals Y, X f(@).

This is precisely the exponential sum Sy from (2) which we wish to estimate.

Thus,

L{t|xs) = 14 57 14+ (12)
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where the dots indicate terms of higher degree in ¢. This fact, namely that S
appears as the coefficient of the first term of L(¢ | xf) , explains the appearance
of this L-series for the proof of Theorem 1.

The following two theorems govern the behavior of L(¢ | xy).

Theorem 2. The L-series L(t]|x;) is in fact a polynomial in the complex vari-

able t, of degree d — 1.

Accordingly, let us decompose L(t | x¢) into linear factors:

Litlxp= I (-wit)

1<i<d—1

where the w; are certain complex numbers, the inverse roots of L(¢|xs). We
see that the coefficient of ¢! is the negative sum of these w;. Comparing with

(12) we conclude:
Sp=— Y. w. (13)

Now we have, in addition to Theorem 2:

Theorem 3. Fach root p; of the polynomial L(t|xy) is of absolute value

lpil = Vq~T. Consequently the inverse roots w; = p;' are of absolute value

|wi| = \/q.

Therefore from (13) it follows:

Syl < (d=1)v/q

which is the content of Theorem 1.
We have seen that Theorem 1 is an immediate consequence of Theorem 2
and Theorem 3. In the following, we shall first discuss the proof Theorem 2,

then turn to Theorem 3.



EXPONENTIAL SUMS 135

3. The conductor of xy.

By definition, xy is obtained by first applying the divisor homomorphism 0y :
Dy — K, then applying the canonical character x : K — W,. Accordingly
we first discuss the properties of the divisor homomorphism dy. Thereafter we
shall draw the consequences for y;.

Consider the valuation ring O, of Pu; it consists of all b € F with v, (h) >
0. Recall that, by definition, the valuation v, is the negative degree function.

Two elements h, k' € O, are said to be congruent modulo (d + 1)Ps, if
Voolh — ) > d+1.

If this is the case then we write
=K mod (d+1)Ps .

These congruence classes form a ring, the residue class ring of O, modulo the
(d + 1)-th power of its maximal ideal.

The group of units of O is denoted by OF; it consists of those h € F for
which vs(h) = 0. This means that the principal divisor (k) does not contain
P, in its support, i.e., (k) € Dy.

Two divisors D, D" € Dy are said to be equivalent modulo (d 4 1)P., if
D—D' = (h) (14)
is the principal divisor of an element h € O, which satisfies
h=1mod (d+1)Ps. (15)
(This implies h € OZ.) If this is the case then we write
D ~ D'mod(d + 1)P,,.

The corresponding divisor classes are called ray classes modulo (d + 1) Ps.
Our first aim is to prove that d;(D) depends only on the ray class of D

modulo (d4 1) P. That is, we have to show that d;(D) = 0if D ~ 0mod (d +

1)P,,. To this end we will give another description of how to compute ds(D).
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dh
The differential * W is called the logarithmic differential of h, and it is
denoted by dlog h. We note the homomorphic property:

dlog (h1hy) = dlog hy + dlog b, . (16)

If D is any divisor in Dy, say of degree n, then D — nP,, is of degree 0 and
hence a principal divisor:

D —nP, =(h)

for some 0 # h € I which is uniquely determined up to a constant factor. We

write this relation in the form
D = (h)y (17)

which says that the principal divisor of h represents D except at the pole of f

(which is Ps,).

Lemma 4. Let D € Dy be represented by h € F in the sense (17) as explained

above. Then
0¢(D) = —resso(f - dlog h) (18)
where ress, denotes the residue at P, .

Proof.

(i) If D is represented by h and by A’ then i/ = ¢+ h with ¢ € K*. We note
that dlog (¢ - k) = dlog h; thus the right hand side of (18) does not change if we
replace h by c¢- h. In other words: It is clear from the start that the right hand
side of (18) depends on D only and not on the choice of the function A which
represents D.

(ii) Every divisor D is a linear combination, with integer coefficients, of
prime divisors. Because of the homomorphic property (16) we conclude: it

is sufficient to prove (18) in the case when D = P is a prime divisor. For

3As for the notion and properties of differentials and their residues we refer to [S] Ch.TV.



EXPONENTIAL SUMS 137

simplicity, let us first discuss the case when P = P, is of degree 1, hence h can
be taken to be the linear polynomial A =  — a. By (9) we have d¢(P,) = f(a).

For the computation of the residue at P,, we have to expand all functions
involved into Laurent series with respect to a prime element at P,,. We take

u =z~ as prime element and compute

dz x~ dx —u~ldu
floglfn—d] = z—a l—a' 1—au
= - Z a"u"dlog u .
0<v< o

We write

— el s v oqp =)
= > gv'= 3 qu

0<j<d 0<j<d

and obtain

—f-dlog(z —a) Z Z cja’u’Idlogu .

0<j<d 0<v< oo

By definition, dlogu = u~'du has a pole of order 1 at P.,, with residue = 1.
Hence we see that the residue of the left hand side is obtained as the coefficient

of u° in the above expansion, i.e., the sum of the terms with v = j:
—rese f - dlog (z — a) Zc]a] = ; (19)

(iii) Now, if D = P is a prime divisor of degree n > 1 then we decompose
its characteristic polynomial hp(z) into linear factors as in (7). The roots «;
are contained in an algebraic extension of K, and 9f(P) is given by (8):

he(e) = I (v — i), 05(P)= 3 fleu).
1<i<n 1<i<n

Accordingly, using the result of the computation (19) for each factor:

—resoo f - dloghp(z) = — Z rese, [ - dlog (z — )
1<i<n
= Z f(ew) = 0¢(P).
1<i<n

O

Proposition 5. If D ~ 0mod(d+1)P,, then 0s(D) = 0. Hence the homomor-
phism 0y : Dy — K depends only on the ray classes of Dy modulo (d + 1)Ps,
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Moreover, the number d + 1 is minimal with this property. In fact, 0; induces

a surjection from the group of divisors D ~ 0 moddP,, onto K.

Proof. Suppose that D ~ 0mod dP,,. Then D = (h) with h = 1 mod dP.,. As

1

above, we use v = 7' as a prime element at P,,; the corresponding expansion

of h is of the form
h=14au®+--- (at Ps.) (20)
with @ € K. The dots indicate terms of higher order. Differentiation yields
dh = dau*du + - - -
Multiplying with 27! = 1 mod dP,.:
dlog h = dau~'du + - - - = dau*dlogu + ...
Hence

f-dlogh = (cdu_d gt co) . (daud’ dlogu + - )
= cqdadlogu+--- .

Here, the dots represent differentials of order > 0, without residue. We obtain

in view of Lemma 4
af(D) = —cd-d-a. (21)

This holds for every divisor D ~ 0 mod dP,,.

Observe that ¢; # 0 since f(x) is of degree d. Also, d Z 0 mod p due to our
general hypothesis in Theorem 1. Consequently, d¢(D) = 0 if and only if « = 0
which means D ~ 0mod (d + 1) P.,.

Moreover, every element a € K belongs to some divisor D ~ 0mod dP,,, in
the sense of (20). For instance we can take D to be the principal divisor of the
function

x¢ +a

— 4 —
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If @ ranges over K then, by (21), we see that d¢(D) ranges over K too.
[}
Next we consider the character y; = x o dy. Since y is nontrivial on K we
obtain from Proposition 5 the following proposition which will turn out to be

the key to Theorem 2.

Proposition 6. As above, d denotes the degree of the polynomial f(x). The
character xy : D — W, is a ray character modulo (d+ 1) P.,, which means that
Xf(D) depends only on the ray class of D modulo (d + 1)P.,. Moreover d + 1
is the minimal integer with this property. In fact, x s induces a surjection from

the group of divisors D ~ 0 moddP., onto W, .

Because of the minimality property mentioned, the divisor (d + 1)P,, is
called the conductor of the character x;. This terminology is borrowed from

number theory where it is used in similar situations for divisor characters.

4. The L-series as a polynomial

If two divisors D, D" € Dy are equivalent modulo (d + 1)P., then they have
the same degree: This follows from the definition in section 3 since D — D' is a
principal divisor, hence of degree 0. Consequently we can speak of “ray classes

modulo (d + 1)P,, of a given degree”.

Lemma 7. For each n there are ¢* ray classes modulo (d + 1)P., of degree n.
If n > d then every such ray class contains a posilive divisor and the number

of positive divisors in each ray class is ¢"~7.

Proof.

(i) Let D € Dy be of degree n, and let D = (h);. As in the foregoing
section we consider the expansion of h at P,, with respect to the prime element
u = x7'. We have ve,(h) = —degh = —deg D = —n, hence this expansion is

of the form h = cu™ + - -+ with 0 # ¢ € K. After multiplication of h with ¢!
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we may assume that ¢ = 1. We write the expansion of A in the form
h=u"(14 ayu+ agu®+---) (at Po). (22)

Let D’ be a second divisor of degree n, with representing function A’ and ex-
pansion

b =uw"(1 + dju+ ayu®+--+) (at P).

According to the definition, we have D ~ D'mod(d 4+ 1)P,, if and only if

h
= Imod (d + 1) P,,, which is to say that

1—|—a1u+a2u2—|—~-~El+a'1u+a;u2—|—~-~mod(d—l—l)Poo.

This in turn means

a; = d. (1<i<d).

Now, every vector (ay,...,a4) over K belongs to a ray class of degree n in
the above sense, namely to the ray class of the divisor D which is represented

by
h=u"(14au+- -+ adud) =z +a " 4+ agz™ . (23)

Thus there is a 1 — 1 correspondence between the ray classes modulo (d+1) Py,
of degree n, and the vectors in the d-dimensional vector space K9,

Since K has order ¢ there are precisely ¢? vectors in K%, We conclude that
there are ¢ ray classes modulo (d 4+ 1) P,, of given degree n, as contended.

(ii) If n > d then the function / in (23) is a monic polynomial in K[z], hence
h is the characteristic polynomial of a positive divisor, hence D > 0.

(iii) Let n > d. The positive divisors D of degree n correspond 1—1 to their

characteristic polynomials ip(x), which are monic polynomials of degree n:
hp(z) = 2"+ a12™ " + -+ - + ay

We have seen in (i) that the ray class of D modulo (d + 1)Ps is uniquely
characterized by the vector (ai,... ,a4) of the first d coefficients. If we fix this
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vector then there are precisely ¢"~¢ vectors of the form (agq1,... ,a,) each of

which belongs to a positive divisor of the same ray class.

Now we are able to show:

Proposition 8. Ifn > d then Y x¢(D) = 0. Consequently, the L-series

deg D=n
D>0

L(t|x;) as defined in (11) is a polynomial in t of degree < d — 1.

Proof. By Proposition 6 the character value x (D) depends only on the ray
class of D modulo (d+1)P.,. Let n > d. By Lemma 7 each ray class of degree
n contains ¢"~? positive divisors. We choose a set R, of representatives of the
ray classes modulo (d + 1) P, of degree n. Then

Yo xe(D)=q""" 3 x(D).

deg D=n DeRp
D>0

Let A € Dy be a fixed, auxiliary divisor of degree n. We subtract A from
each divisor D € R, and obtain a system of representatives Ro = R, — A of
the ray classes modulo (d 4+ 1)P,, of degree 0. We put D — A = Dy, so that
X£(D) = xs(A)xs(Do), and we compute

> xs(D)=x(4) Y x4(Do).

DeRn Do€eRo

According to Lemma 7 the ray classes modulo (d + 1)P,, of degree 0 form a
finite group, of order ¢?. By Proposition 6 the character x; induces a nontrivial

character on that group. Consequently,
> x#(Do)=0
Do€Ro
which proves our contention.
O

Later it will turn out that the degree of the polynomial L(t]|xy) is precisely

d — 1, in accordance with the contention of Theorem 2.
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5. Artin-Schreier extension of K ()

Let P be a prime divisor of F' = K(z), and assume P # P.,. Let Fp denote
the residue field. We have Fip = K(a) where a is a root of the characteristic

polynomial hp(z). In this situation we claim:

Proposition 9. x(P) =1 if and only if there exists 3 € Fp such that 37— =
f(a).

Proof.
By definition 1, the canonical character y is composed of the trace map
tri : K — Z [p* and of the isomorphism Z /p &~ W, given by the exponential

function. Hence
Xf(P)Zxaf(P)Zl = tr]{af(P)ZO.

Accordingly we will show that trix d¢(P) = 0 if and only if the condition as
given in Proposition 9 is satisfied.
The characteristic polynomial fip(z) is irreducible over K and hence its roots

are precisely the conjugates ot over K. Here, ¢ ranges from 0 to n — 1 where
n =deg P =[Fp: K]. It follows
op(P)= > [fle®)= 3 f(a)" = trpf(a)
0<i<n—1 0<i<n—1
where trp : Fp — K denotes the relative trace map from the residue field Fp.

The so-called “transitivity rule” for the trace says that trgx o trp = trp, , and

so we conclude
tI"[( Bf(P) = ter f(a) :

Now our contention is evident from the following well known statement on the
trace function of finite fields:

Let L be any finite field and z € L. Then we have trr,(z) = 0 if and only if
there exists 3 € L such that 7 — 3 = z.

4We write trg if we wish to indicate the field K on which this trace is defined.
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Indeed, since the trace map try, : L — Z /p is surjective there exists u € K
such that trz(u) = 1. Suppose that try(z) = 0. Then it is straightforwardly
verified that the following element (3 satisfies 57 — § = z:

B=— Z (Z+...+Zpi),upi
0<i<n—1
where n = [L : Z /p]. — The converse is trivial.
O

In view of Proposition 9 it appears natural to consider the function field
E=K(z,y), y' —y = f(z). (24)

This is called an Artin-Schreier extension of F' = K(z). For the following
facts we refer to [S], p.115 fI. and p.200 ff. where Artin-Schreier extensions are
discussed.

Since f(x) is of degree d #Z 0 mod p, the field F is a proper extension of F
of degree

[E: F]=p,

and K is the field of constants of E. Moreover E|F is a Galois extension, the
automorphisms being given by the substitutions y + y + 7 with j € Z /p.

We are considering the prime divisors, or places, of F; they are denoted
by Q. Each such @ induces a prime divisor P in F; we write Q|P to express
this situation and say that @ lies over P, or that @) extends P. According to
[S] p-115T. there are three types of extensions of places in E|F, namely the

following.

(1) Ramification. If P ramifies in F then there is only one prime @ of F
lying over P, and its ramification degree over P equals p. The residue field is
Eg = Fp, ie., deg@) =degP.

The prime P = P.,, being the only pole of [(x), is the only prime of F

which ramifies in E .
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We write (), for the unique extension of P, in F.

(2) Splitting. If P splits in E then there are precisely p primes Qq,...,Q,
of F which are lying over P. Each of these primes is unramified over P, and
the residue field is Eg, = Fp, hence deg Q; = deg P (1 < i < p). Let hp(z) be
the characteristic function of P and o € Fp a root of hp(z). Splitting occurs
precisely for those primes P # P, for which there exists 3 € Fp such that
8 — 8 = f(a).

Hence, Proposition 9 shows that splitting occurs precisely at those primes P

of ' for which xs(P)=1.

(3) Inertia. If P is inert in F then there is only one prime @) of £ which lies
above P and this is unramified. The residue degree is [Eqg : Fp] = p, and hence
deg @ = p- deg(P). Inertia occurs precisely for those primes P # P., for which
the equation y? —y = f(«a) does not have a root in Fp.

Hence, Proposition [9] shows that intertia occurs precisely at those for those
primes P of F' for which x¢(P) # 1. In this case x ¢(P) is a primitive p-th root
of unity.

These facts will allow us to connect our L-series with the zeta function of
the field F. Before stating the corresponding theorem let us point out that the

L-series can be defined not only as an additive series as in (11) but also as a

product:
1
L(t|xs) = — = x (D)t (25)
AL T = 2
DED,

The fact that product and sum coincide follows from: (i) that every positive

divisor D € Dy is uniquely representable as a sum of primes # P,:
D=P+---+P
and (ii) that xy is a multiplicative character:

X7 (D) =xs(P1) - xs(F).
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Formally, we can include the prime P, in the product and in the sum in (25)
by putting xf(Ps) =0.

All what we have said about the L-series L(t| x s) belonging to the canonical
character y of K, remains valid mutatis mutandis if we replace y by a non-trivial
power x? (1 <5< p—1). For, x/ is obtained from y by an automorphism of
the field of p-th roots of unity over @. In particular we see that L(¢| Xjf) is a
polynomial in ¢ of degree < d —1.

Now we introduce the zeta function ®

1
where @) ranges over all primes of F (including @), and N ranges over all
positive divisors of £ (including those whose support contains Q). The symbol
t denotes a complex variable. Again, the fact that product and sum coincide is
due to the fact that each positive divisor NV is uniquely representable as a sum
of prime divisors Q.

Besides of Zg(t) we have to consider the zeta function of the rational field

F = K(x), defined as
Zp(t) = H tdegP Z {8
P D>0
where P ranges over all primes of F' (this time including P,,) and D over all
positive divisors of F' (including those which contain Py, in their support). For

n+l _ 1
any given n > 0 there are —— positive divisors of degree n. This yields
q

PRl 1
n>0 q—1 (1=t)(1—gqt)

This being said, we now can state:

Theorem 10. The zeta function Zg(t) satisfies

L(t|x%)
Zg(t) = Zrp(t) <1:[ L(t|Xf) = ﬂ

SFor the general theory of the zeta functions of function fields we refer to [S] pp.158 ff.
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Proof. We work with the product representations of the functions involved.
For each prime P of F' we show that the product of the terms belonging to P,
on the left hand side and on the right hand side, are equal. That is:

TI(1— %9y = (1= 1*sP) [ (1= xi(P)sP). (26)

QIP 1<5<p=1

We distinguish the three types:

(1) Ramification. In this case P = P, @ = Qo, deg @, = deg P, =1 and
Xf(Ps) = 0. Thus on both sides of (26) we have 1 — ¢.

(2) Splitting. Let us put t9F = T'. There are p primes Q;|P, and deg Q;
deg P for each of them. Thus the left hand side of (26) is

(1-T).

In the split case we have x;(P) = 1 and therefore also X‘}(P) =lfor1 <5<
p — 1. Hence on the right hand side of (26) we have again

a-7 II a-7)=(1-T1y.

1<j<p1

(3) Inertia. Again let t4” = T'. There is only one prime Q|P and deg Q
pdeg P. Thus the left hand side of (26) is

1-17°7.

In the inert case we know that x;(P) =€ # 1, and £ is a primitive p-th root of
unity. Hence on the right hand side of (26) we have again

(1-7) J] Qa-¢T)=1-1".

1<5<p—1
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At this point we invoke the general theory of the zeta function of a function

field. See [S] p.166 for the following

Theorem 11. The zeta function Zg(t) is of the form

Lg(t)

S iy

where Lg(t) € Z[t] is a polynomial with integer coefficients, of degree 2g. Here,
g denotes the genus of the function field F.

Since E is an Artin-Schreier extension of F' of the form (24), its genus ¢ is

computed to be
(p=1(d-1)

9= 9 )

see [S] p.115. In particular we see that 2g, the degree of Lg(t), is given by

29 = (p—1)(d—1). (27)

Now we compare Theorem 11 with Theorem 10 and obtain
L= I LI (25)
1<j<p-1

As said above, the left hand side is a polynomial of degree (p —1)(d —1). Each
factor on the right hand side is a polynomial of degree < d — 1 by Proposition
8. Comparing degrees, we conclude that each L(¢ | Xic) is of exact degree d — 1,
as claimed in Theorem 2.

In order to deduce Theorem 3 we use the Hasse-Weil Theorem; see [S] p.169:
Theorem 12. Fach root py,... ,pa, of Lr(t) has absolute value

lpi| = 4/q7! (1<1i<2g).

In view of (28) the roots of L(t | xs) are among the 2g roots of Lg(t) and so

we obtain Theorem 3.
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6. Generalization to rational functions

In many applications, it is of importance to deal also with exponential sums
where f(z) is a non-constant rational function, rather than a polynomial. For
instance, in the case of q

fle)=o+~
the corresponding exponential sum is known under the name of “Kloostermann
sum”. Let us discuss the changes which are necessary in the above treatment if
we wish to include rational functions too. These changes are mostly straightfor-

ward and of technical nature; the main ideas are the same as for polynomials.

6.1. Statement of main theorem. If f(z) is a rational function then in the
definition (2) of the exponential sum Sy the summation has to be restricted to
those elements a for which f(a) is defined, which is to say that a is not a pole
of f(z). On the other hand, ¢ = oo is permitted if co is not a pole of f(x), i.e.,
if deg(f) < 0. Accordingly we write

S= Y 'xJ(a). (29)

a€KUso

where the prime indicates the range of a as explained above. Of course it may
happen that f(a) is not defined for any ¢ € K Uoco. In this case the above sum
is empty and Sy = 0. It is easily seen that this does not occur if the order ¢ of
K is sufficiently large.

In the case when f(z) is a polynomial, Theorem 1 was formulated under the
hypothesis that the degree of f is not be divisible by p. If f(z) is a rational
function then this hypothesis is to be formulated as follows: Fvery pole order
of [ should not be divisble by p.

Let Py denote the set of prime divisors of F' = K(z) which are poles of [.
For each P € Py we put

dp = —vp(f).

dp > 0 is the pole order of f at P. If f is a polynomial then we have only
one pole P, and dp,, is the degree d of f(x) which appears in the estimate of
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Theorem 1.

Now in our general case Theorem 1 has to be formulated as follows:

Theorem 13. Let f(z) be a non-constant rational function. Suppose that all

the pole orders dp of f(x) are not divisible by p, and define d by the formula

d+1= Z((lp+1)(legp. (30)
PeP;

Then the exponential sum (29) admits the estimate
IS¢l < (d = 1)v/fg. (31)

Remark. Similar as for polynomials, it can be shown that each rational func-

tion f(z) € K(z) can be written in the form

f(@) = fi(z) + 9(z)" — g(x)

where fi, g are rational functions and the pole orders of f; are not divisible
by p. Moreover the poles of f; (if there are any) are among the poles of f and
and the pole orders of f; are not greater than the corresponding pole orders of
f. © From this one deduces that |S¢| < [Sf |+ ¢ where ¢ denotes the number
of poles of f which are not poles of f;. Consequently, if f; is not constant then
the estimate (31) for f; implies the same estimate for f. Thus again, the only

exceptions to (31) are the rational functions of the form

J(@) = c+g(x)" —g(z).

6.2. The divisor character ;. This time we define D; to be the group
of those divisors of ' = K(z) which do not contain any pole P € Py in their
support. Again the character x; : Dy — W, will be defined as the composite

SIn order to prove this, the rational function f(z) is to be decomposed into its “principal
parts” which correspond to the poles of f. To each principal part one has to apply the same
arguments as for polynomials (which are the principal parts at P).
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of a certain divisor homomorphism df : Dy K with the canonical character
X : KW,

In order to define 9¢(D) for D € Dy, it suffices to do it when D =P is
a prime divisor of Dy. Let f(P) denote the residue class of f with respect
to P. 7 f(P)is an element in the residue field Fp. (Observe that P is not a
pole of f and hence f(P) # oo.) Recall that trp : Fp — K denotes the trace

map from Fp to K. Then we define

9;(P) = trp f(P). (32)

If P = P, is a prime divisor of degree 1 belonging to some element a € K U oo
then 9¢(P,) = f(a), as in the case of polynomials. For any divisor D = Y, n; F;
in Dy we have

95(D) = 3 _nids(P).

Based on this definition, the divisor character x; and its L-series L(t|xy) are
defined in the same way as in section 2, amd formula (12) holds. It remains
to discuss how Theorems 2 and 3 are to be proved in the case of a rational

function.

6.3. The conductor of x ;. We define the positive divisor M to be
M= > (dp+1)P. (33)
PeP;

It is called the enlarged pole divisor of f. (The word “enlarged” indicates that
its multiplicities are dp + 1 and not dp as in the case of the ordinary pole
divisor.) This divisor plays the same role as the divisor (d + 1)P,, in the case

of a polynomial. We have by (30)
d+1=degM.

Two divisors D, D' € Dy are said to belong to the same ray class modulo M

if, firstly, D — D' = (h) is a principal divisor of some element i € F' such that,

“For this notation see [S] p.6.
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secondly,

h =1mod(dp 4+ 1)P (for each P € Py).

These simultaneous congruences, for each P € Py, are usually abbreviated in

the form
h=1mod M. (34)
If this is the case then we write
D~ D'modM .

The next step is to verify the analogue of formula (18) in Lemma 4, i.e.,
that d¢(D) can also be computed by residues of differentials.

At this point, perhaps some words should be said about the notion of
“residue of a differential at P” in the case when P is a prime divisor of degree
> 1. In [S] the residue of a differential is defined for primes of degree 1 only: in
that case, one has to choose a prime element v for P and expand the differential
in question, say w, into a Laurent series with respect to this prime element:

w = Z c,u’du . (35)

—oo<LV

The coefficients ¢, are contained in K the symbol —co << v as a summation
condition should indicate that the summation starts from some index v (which
may be negative). In this setting, the residue of w at P is defined to be the
coeflicient c_1. Tt is proved that this does not depend on the choice of the prime
element u.

Now, if deg P = n > 1 then the expansion (35) into Laurent series with
respect to a prime element u is still possible — but this time the coefficients
of such expansions are contained in the residue field Fp, not necessarily in K.
More precisely: The completion Fp of F with respect to the P-adic valuation
is K-isomorphic to the field of formal power series in u over the residue field

Fp. ® Tt is customary to define the residue of w at P as

resp(w) = trp(c_q) (36)

8The standard reference for this is the book Hasse, Zahlentheorie, which has also been
translated into English. See in particular chapter II of that book.
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where, as above, trp : Fp — K denotes the trace function. In the following
formulas the residue resp of a differential is to be understood in this way. If
deg P=1 then the trace trp is the identity map and hence we obtain the former
definition described above.

We have:

Lemma 14. Let D € Dy be a divisor of degree 0. Then D = (h) is a principal
divisor of some function h € F' and we have

95(D)=— > resp(f-dlogh) (37)

PeP;

Proof.

(i) Since we work in a rational function field ' = K(z), every divisor of
degree 0 is a principal divisor.

(ii) First we consider a prime P ¢ Py; let np denote the multiplicity of P
in D. Choose a prime element v at P. Since D = (h) we have vp(h) = np and

hence

h=u"?z

where z is a unit at P, i.e., vp(z) = 0. ® Thus

dlogh = np-dlogu+ dlog z
resp(f - dlogh)

npresp(f - dlogu) + resp(f - dlog z) .
Since P is not a pole of f the P-adic expansion of f is of the form
f=c+autcul+---

with coefficients ¢, € Fp and ¢o = f(P). We compute

f-dlogu:co-dlogu+---:f(P).dj+...
u

9The functions u and z depend on the choice of P and, hence, should be denoted by
up, zp. But since P is fixed for the moment we prefer the simpler notation u, z.
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where the dots - - - indicate differentials which are holomorphic at P, hence have

no residue. The differential

d
f-dlogz=f-=
z

is also holomorphic at P since z is a unit at P. Using the definition (32) we

conclude
resp(f - dlogh) = np - resP(f(P)%) =np-trp f[(P) =np- 0 P),
u

according to (32). Since D = Y pgp, npP we see that
> resp(f - dlog k) = 0;(D).
PEP;
(iii) Now we apply the well known residue theorem for differentials, which
says that the sum of all residues of a differential is zero:
> resp(f-dlogh)+ > resp(f-dlogh) =0,
P¢P, Pep;
We obtain (37).

Remark. When we compare Lemma 14 with Lemma 4 then we observe that
Lemma 4 is formulated in more generality, namely for a divisor D of arbitrary
degree, not necessary of degree 0. The reason for this is that in our more general
situation here it is not always true that there exists h € F' with D = (h)y, i.e.,
such that the principal divisor of h represents D except at the poles of f. It is
easily verified that such h exists if and only if the degree deg D is a multiple of
the greatest common divisor of the degrees deg P for P € Py. If this condition
is satisfied then the relation D = (h); implies the validity of formula (37): in
fact we can use exactly the same proof as above. — In the following we shall use
(37) in the case of divisors of degree 0 only.

Now, the analogue of Proposition 5 in our more general situation reads as

follows:

Proposition 15. If D ~ 0mod M then d¢;(D) = 0. Hence the homomorphism
Jf : Dy — K depends only on the ray classes of Dy modulo M. Moreover, M is
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the smallest module with this property. More precisely: If M' is another divisor
such that 0 < M' < M then 0y induces a surjection from the group of divisors
D ~ 0modM' onto K.

Proof.
(i) Suppose that D ~ 0mod M. Then D = (h) with h = 1mod M. Let
P € Ps. We choose a prime element u for P. Since h = 1mod (dp 4 1) P, we

see that its P-adic expansion is of the form
h=1+au®t +...
with @ € Fp, where the dots indicate terms of higher order. We differentiate:
dh = (dp + 1)au?du 4+ - --
and multiply with A™' = I mod (dp + 1)P:
dlogh = (dp + 1)aud‘°du + e

Here, the dots indicate terms of order > dp + 1. We see that vp(dlogh) > dp
(and = dp if (dp 4+ 1)a # 0). On the other hand, the function [ has a pole at
P of order dp, which is to say that vp(f) = —dp. We conclude that

vp(f -dlogh) >0,

i.e., the differential f - dlogh is holomorphic at P and hence has no residue.

This holds for every P € P;. From (37) we infer that 9;(D) = 0.

(ii) Now let 0 < M’ < M be a smaller module. There exists at least
one prime divisor P € Py whose multiplicity in M’ is strictly smaller than its
multiplicity in D (which is dp 4+ 1). Hence we have M’ < M — P, and it suffices
to prove the assertion of Proposition 15 for M — P instead of M’. We have

M—P=dpP+ ) (dg+1)Q.
Qer,
Q#P

Let D € Dy be such that D ~ 0mod M — P. Then D = (h) with h =

ImodM — P. f Q € Py, Q # P then h = 1mod (dg + 1)@, and the same
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[
(¢

argument as in (i) shows that resg(f - dlogh) = 0. Therefore, in order to
compute d¢(D) we only have to compute the residue resp(f - dlog h) at the one
single prime divisor P.

We have h = 1 mod dp P, and hence the P-adic expansion of A is of the form
h=1+bu? 4... (38)
with b € Fp. From this we deduce similarly as above that
dp—1 ap du
dlog h = dpbu®*~'du + - -- = dpbu®* — + - - - .
u

The function f has a pole of order dp and so its expansion at P is of the form

f=cu™ 4--.
with ¢ # 0. Thus
f-dlogh = dpbc-d—u—l—---
u
resp(f -dlogh) = dp - trp(bc)
af(D) = —dp & tI‘P(bC) .

We recall our general hypothesis that dp £ 0mod p. Also, ¢ # 0 as said above
already. Since the trace trp : Fip — K is surjective, we conclude that the map
b —dp - trp(be) is also surjective to K.

It remains to verify that to every b € Fp there exists a divisor D € Dy of
degree 0 such that, firstly, D ~ 0mod M — P, and secondly this given b appears
in the expansion (38).

Indeed, this is an immediate consequence of the so-called weak approximation
theorem for valuations. 1® Accordingly, given b € Fp and a prime element u for

P there exists h € F such that

h = 1+bu’r mod (dp + 1)P
h =1 mod (dg + 1)@ ifQePs, Q#P.

10Gee [S] page 11.
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Then the principal divisor D = (h) satisfies our requirements.
O
From Proposition 15 we obtain the following result for x, which is the
generalization of Proposition 6 in section 3 and is obtained in the same way as

there.

Proposition 16. As above, M denotes the extended pole divisor of f(x). The
character x ¢ : Dy — W, is a ray character modulo M, which means that x (D)
depends only on the ray class of D modulo M. Moreover M is the smallest
module with this property. In fact, if 0 < M' < M then x; induces a surjection
from the group of divisors D ~ 0 mod M’ onto W, .

Accordingly M is called the conductor of the divisor character y;.

6.4. The L-series as a polynomial. In the general case of a rational function

f(2) we have to reformulate Lemma 7 as follows.

Lemma 17. For each n € Z there exists a divisor D € Dy of degree n. The
number of ray classes modulo M of degree n is finite and it does not depend
onn. Ifn > d then every ray class modulo M of degree n contains a positive

divisor, and the number of positive divisors in each such ray class is ¢*~%.

Proof.

(i) For every integer n > 0 there exist irreducible polynomials in Kz] of
degree n. (This is so because there exists a field extension of K of degree n.)
We choose one such irreducible polynomial and let P, be the corresponding
prime divisor of F' = K(z). If n is different from the finitely many degrees
deg P for P € Py then P, ¢ P; and hence P, is contained in Dy. Otherwise,
we choose two auxiliary integers ny,ne > 0 which are different from the finitely
many degrees deg P for P € Py, and such that they are relatively prime to each
other. Then every integer n € Z can be written in the form n = Ajny + Aang

with A, Ay € Z. The divisor D = M\ P,, + AP, is contained in Dy and is of
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degree n.

(ii) Let n € Z . We fix a divisor A € Dy of degree n. Let D range over
all divisors of degree n in Dy. Then the map D — D — A establishes a 1 — 1
correspondence between the ray classes modulo M of degree n and the ray
classes modulo M of degree 0. Hence the number of ray classes of given degree
n equals the number of ray classes of degree 0.

Now let n = 0. If D € Dy is of degree 0 then D = (h) is a principal divisor.
h has no pole or zero in Py. We denote by Op, the ring of all functions which
have no pole in Py. Hence A is a unit in this ring.

By definition of ray classes, the congruence class of ~ modulo M determines
the ray class of D modulo M. From this we infer that there are only finitely
many ray classes of degree 0, because there are only finitely many congruence
classes in Op, modulo M. In fact, the following arguments show that there are
precisely ¢%*! such congruence classes:

(iii) For each P € Py we choose a prime element up for P. Every function

h € Op, admits a P-adic expansion of the form
h = cpo+ cprup + cpaub 4+ - (at P) (39)

with coefficients ¢p, € Fp. If we deal with congruences in O’p/ modulo M
then, by definition (34), this means simultaneous congruences modulo (dp+1)P
for all P € P;. This in turn means that only the first dp + 1 coefficients
€P0,CP.1;- - ,CP4p 10 the expansion (38) are relevant. In other words:

Two functions h,h' € Op, are congruent modulo M if and only if for each
P € Py, the first dp +1 cocfficients of their expansions coincide: cp, = cp,, for
0<v<dp.

Again from the “weak approzimation theorem” we infer: given for each P €

Py arbitrary coefficients ¢p,, (0 < v < dp) then there exists h € Op/ such that
h = cpo+ cpiup + - - + cp,u mod (dp + 1) P (P ePy).

In other words: the residue classe in Op, modulo M are uniquely described by

the vectors of coefficients (cpy, ... ,cpa,) which may range freely over Fp (for
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P € P;). Since Fp has ¢%8F elements we conclude: there are precisely

11 qlesPlip+1) — gd+1
Pep;
residue classes in Op, modulo M. (Recall the definition (30) of the integer d.)

(iv) Now suppose that n > d, and let A € Dy be a fixed divisor of degree
n. We are going to show that there exists a positive divisor D > 0 of degree n
in Dy such that D ~ Amod M. This means that D — A = (k) should be the
principal divisor of an element 2 = 1 mod M.

Let £(A) denote the K-vector space consisting of those functions h € F' for
which (h) > —A (together with 0). "' This means (k) = D — A with D > 0.
We have to show that among these functions h € L(A) there is at least one for
which A = 1mod M.

For any function 0 # h € L(A), the poles of h are among the prime divisors
appearing in A, hence are not in Py. Thus A € Op,. If we deal with congruence

classes modulo M then we work in the factor ring Op, /M. Consider the map
0+ £(A) Op /M

which is obtained by mapping each i € L(A) onto its congruence class modulo
M. We have to show that among the functions h € L(A) there is one for which
o(h) = 1. To this end we shall show that ¢ is surjective.

We regard ¢ as a K-linear map of vector spaces. The surjectivity of o
will follow from the computation of the K-dimensions of the vector spaces in
question.

First, since deg A = n > 0 we have that
dimL(A) =1+ deg A. (40)

In fact, this is a special case of the Riemann-Roch theorem '* when we observe
that the rational function field ' = K(z) has genus g = 0. On the other hand,

the above formula can also be proved directly, by elementary means, as follows:

"For this notation see [S] page 16.
12Gee [S] page 29, Theorem 1.5.17.
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Consider the infinite prime P,, which is of degree 1. The divisor A — nP,
is of degree 0, hence a principal divisor: A — nP., = (z) with z € F. Thus
A ~ nPy and hence dim £(A) = dim £(nPs). On the other hand, £(nPs)
is the K-vector space of all polynomials of degree < n and therefor dim £
(nPy)=1+mn.1

By the way, the relation (40) for divisors A holds not only if deg A > 0 but
also if deg A = —1. For, in this case we have £(A) = 0 and so dim L£L(A) =0 =
14 (—1). We shall use this remark below.

The kernel of the map p consists of those functions & € L(A) for which
h = 0mod M, which is to say that (k) > M (or h = 0). On the other hand, we
have (h) > —A. Since A and M have disjoint support, this implies (h) > M — A,
ie, he€ L(A—M). Thus the kernel of o is L(A— M).

Using our assumption that n > d, we see that deg(A—M) = n—(d+1) > —1.

By what was said above this implies
dimL(A—M)=1+deg(A—M)=(1+degA) —deg M (41)

and so
dimL(A) —dimL(A— M) =degM =d +1.
1t follows that the image of o is a K -vector space of dimension d + 1.

Hence, in order to prove the surjectivity of ¢ : L(A) = Op,/M we have to
verify that OP,/M is also of dimension d + 1.

Indeed: we have shown in (iii) above that Op, /M has precisely ¢**! ele-
ments, hence dim O'p//M =d+1.

(v) We have seen in (iv) that there exists h € £(A) such that A = 1 mod M.
Also, we have seen that there exists a 1 — 1 correspondence between such ele-
ments h and the positive divisors D > 0 in Dy with D ~ A; this correspondence
is given by the relation

D — A= (h).
In order to count those posilive divisors D we have to count the corresponding

elements h € L(A).

13Gee [S] page 22, 1.4.18.



160 P. ROQUETE

Let us fix some hg € L(A) with hg = 1 mod M. Any other such element h
has the form h = ho 4+ z where z = 0mod M, hence z € L(A — M). We have
seen in (iv) that £{A — M) has dimension (1+n)—(d+1) = n—d. Hence there
are ¢"~% elements z € L(A — M), and they correspond to as many h € L(A)
with A = 1 mod M.

[}

Remark. It is possible to compute the number of ray classes modulo M of
degree 0 explicitly. To this end, we first have to count the number of units h
of Op, modulo M. Secondly we have to divide this number by g — 1 because
if D = (h) then also D = (¢ h) for the g — 1 elements 0 # ¢ € K. The

computation gives the number

1

(qdegP _ 1)qdp deg P .
9= 1 PeP;

We leave the details to the reader.
[}
Having established Lemma 17, which is the generalization of Lemma 7, it is
now possible to prove Proposition 8 also in the general case of rational functions,

with precisely the same proof as in section 4.

6.5. Artin-Schreier extensions of K (). As to the Artin-Schreier extension

E=K(zy), 3 —g=j=)

the only essential difference to the discussion in section 5 is, that now there is

not only one ramified prime but every pole P € Py ramifies in E. Otherwise the

same arguments as in the proof of Theorem 10 work also in our general case.
In the course of that discussion it is necessary to verify that the genus g of

E now is given by the same formula (27) as stated in section 5. See [S] p.115.

The following list contains the standard references used in the text, and in

addition some recent publications for further reading on the subject.
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