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On equitable total colouring of

Loupekine Snarks and their products

L. Cordeiro S. Dantas D. Sasaki

Abstract

In this work, we study total colourings and equitable total colourings
of snarks. We obtain an equitable 4-total colouring for an infinite
family of Loupekine Snarks. Also, we extend this colouring to equitable
4-total colourings for infinite families of dot products of Loupekine

Snarks with Flower and Blanusa Snarks.

1 Introduction

Let G be a simple graph. A k-total colouring of G is an assignment
of k colours to its vertices and edges such that two adjacent or incident
elements have different colours. The total chromatic number of G - X" (G)
- is the smallest k for which G admits a k-total colouring. The Total
Colouring Conjecture [1, 12] states that every simple graph admits a total
colouring using at least A+1 and at most A +2 colours. It was proved for
cubic graphs in 1971 independently by Rosenfeld [8] and Vijayaditya [11].
Cubic graphs with X" = 4 are said to be Type I while cubic graphs with
X" =5 are said to be Type 2.

2000 AMS Subject Classification: 68R10, 68R15.
Key Words and Phrases: total colouring, equitable total colouring, snarks.
Partially supported by CNPq, CAPES, and FAPERJ.



78 L. Cordeiro, S. Dantas and D. Sasaki

An equitable k-total colouring of a graph is a k-total colouring of its
elements such that the cardinalities of any two colour classes differ by at
most 1. The equitable total chromatic number of G - X (QG) - is the smallest
k for which G admits an equitable k-total colouring. Wang [13] proposed
the Equitable Total Colouring Conjecture, which states that every simple
graph admits an equitable total colouring with at least A + 1 and most
A + 2 colours and proved that it holds for cubic graphs. Dantas et al. [5]
proved that the problem of deciding whether the equitable total chromatic
number of a cubic graph is 4 or 5 is NP-complete.

Here we focus on equitable total colouring of snarks, that are cyclically
4-edge-connected cubic graphs with chromatic index 4. Their importance
arise from the fact that many conjectures on Graph Theory would have
snarks as minimal counterexamples, as shown recently by Brinkmann et
al. [2]. In 2003, Cavicchioli et al. [4] proposed the question of finding
the smallest Type 2 snark with girth at least 5. In the same paper, they
verified that all snarks with girth at least 5 and fewer than 30 vertices are
Type 1. In 2011, Brinkmann et al. [2] extended this search and verified
that all snarks with such girth and fewer than 38 vertices are Type 1. In
2011, Campos, Dantas and de Mello [3] proved that all members of the
infinite families of Flower and Goldberg Snarks are Type 1, and all these
colourings are equitable. Sasaki et al. [10] proved that both Blanusa and
Loupekine families are Type 1, but they could not determine equitable
total colourings using 4 colours. A related question was proposed by
Sasaki [9], who questioned if there exists a Type 1 snark with girth at
least 5 that does not admit an equitable 4-total colouring. In this work, we
investigate equitable total colourings of snarks by determining an equitable
4-total colouring for an infinite family of Loupekine Snarks and extending
this colouring to equitable 4-total colourings for infinite families of dot

products of these Loupekine Snarks with Flower and Blanusa Snarks.
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2 Loupekine Snarks

Loupekine families of snarks were defined by Isaacs [7]. The first Loupekine

Snark Lg is presented on the left of Figure 1. The next members of the

subfamily that will be considered here are obtained from Ly by deleting
the dashed edges and by adding a copy of the block B depicted on the
right of Figure 1. The k-th member of the family is depicted in Figure 2.

Figure 2: The snark L, obtained from Lg by adding k blocks B.

In 2014, Sasaki et al. [10] proved that all members of the Loupekine

families are Type 1, but these colourings are not equitable.

Theorem 1. All members of Loupekine subfamily depicted in Figure 3

have equitable total chromatic number equal to 4.

Sketch of the proof. The proof is by construction, based on the construction
of the family itself, and four different equitable 4-total colourings of the
block. Figure 3 shows the equitable 4-total colourings obtained by Theorem 1
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for the second and third members of the family. For the benefit of the
reader, we represent only colours for edges; vertices colours may be deducted

from these. [ ]

Figure 3: Equitable 4-total colourings for Ly and L.

3 Dot Products of Families of Snarks

A dot product of two cubic graphs is a cubic graph obtained by deleting
two nonadjacent edges of one graph and two adjacent vertices of the other
graph, and then connecting the degree 2 vertices. A dot product of two
snarks is a snark [6]. In this section, we present equitable total colourings
for dot products of Loupekine Snarks considered in the previous section
with snarks from other families. In all products, we remove edges e; and

eo of each Loupekine Snark.

Flower Snarks The first member of the Flower family of snarks is
presented on the left of Figure 4. The next elements in the family are
obtained by deleting the dashed edges and adding the block depicted on
the right of Figure 4, connecting the degree 2 vertices.

An equitable 4-total colouring for all members of this family was determined
by Campos et al. [3] in 2011.
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Figure 4: The graph F3 and the block F'L.

Theorem 2. All graphs obtained by the dot product of Loupekine Snark
L;, i > 0, using edges e; and es and all Flower Snarks have equitable total

chromatic number 4.

Figure 5: Two examples of equitable 4-total colourings for the dot
products of Loupekine Snarks L;, ¢ > 0, using edges e; and eo, with

Flower Snarks.

Sketch of the proof. We construct equitable 4-total colourings for dot products
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of the first Flower Snark with the Loupekine Snarks that are compatible
with the total colourings obtained by Campos et al. [3] (that is, their
configurations are equivalent around the dashed edges) so they can be
extended to the dot products of Loupekine Snarks with larger members

of the Flower Snark family. [ ]

Blanusa Snarks The two families of Blanusa Snarks were defined by
Watkins [14] and its elements are obtained by dot products of Petersen
graphs. The first two members of the Blanusa families are depicted in

Figure 6, from which infinite families derive.
A e €

Figure 6: First and second Blanusa Snarks.

Sasaki et al. [10] determined equitable 4-total colourings for all members
of Blanusa families. Since edges e and f are used in the construction of the
equitable 4-total colourings obtained by Sasaki et al. [10], we considered

only products which preserve these edges.

Theorem 3. All graphs obtained by the dot product of Loupekine Snark
L;, i > 0, using edges e1 and ez, and all BlanuSa Snarks, preserving edges

e and f, have total chromatic number 4.
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Figure 7. Two examples of equitable 4-total colourings for products of

Loupekine Snarks L;, i > 0, using edges e; and e, with Blanusa Snarks,

preserving edges e and f.

In Theorem 3 we could not obtain equitable 4-total colourings for all
cases. The exceptions might give us an affirmative answer to Sasaki’s [9]
question regarding the existence of a Type 1 snark with girth greater than

4 that does not admit an equitable 4-total colouring.

4 Concluding remarks

In this work, we contributed to the research about total colourings
of snarks with girth greater than 4 by determining the total chromatic
number and the equitable total chromatic number of members of infinite
families of snarks. As immediate future work, we will investigate the

equitable total colouring of all Loupekine Snarks and their dot products.
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