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c 2015, Sociedade Brasileira de Matemática
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Abstract
~ = (V, E)
~ is a parAn oriented k-coloring of an oriented graph G
tition of V into k subsets such that there are no two adjacent vertices
belonging to the same subset and all the arcs between a pair of subsets have the same orientation. The decision problem k-oriented
~ and
chromatic number (ocnk ) consists of an oriented graph G
an integer k > 0, plus the question if there exists an oriented k~ Many papers have presented NP-completeness proofs
coloring of G.
for ocnk (e.g., see [BJHM88, CFGK13, CD06, GH10, KM04]). We
noticed that it was not known the complexity status of ocnk when
~ satisfies that the underlying graph G is cubic.
the input graph G
In this work we prove that ocn4 remains NP-complete even when
~
restricted to a connected, planar and cubic oriented graph G.

1

Introduction

We use standard notation and terminology used in graph theory to omit
~ = (V, E)
~ is obtained from a simple graph
repetition. An oriented graph G
2000 AMS Subject Classification: 05C15 and 05C20.
Key Words and Phrases: oriented coloring, cubic graph, planar graph, NPcomplete.
Partially suported by CNPq, CAPES and FAPERJ.
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G by arbitrarily giving one of two possible orientations to each edge of
~ If G is connected we
G, we say that G is the underlying graph of G.
~ is connected (the same for planar and cubic). The maximum
say that G
~ = ∆(G). An oriented
degree of G is denoted by ∆(G) and we define ∆(G)
k-coloring of an oriented graph is a partition (V1 , V2 , V3 , . . . , Vk ) of V into
k subsets such that there are no two adjacent vertices belonging to the
same subset, and all the arcs between a pair of subsets have the same
~ is the smallest k such
orientation. The oriented chromatic number χo (G)
~ admits an oriented k-coloring.
that G
The k-oriented chromatic number (ocnk ) was introduced by Courcelle [Cou94] and then studied by Raspaud and Sopena [RS94].
ocnk - k-oriented chromatic number
~ = (V, E)
~ and a positive integer k.
instance: Oriented graph G
~
question: Is there an oriented k-coloring of G?
~1 and G
~2 be two oriented graphs, a homomorphism of G
~1 to G
~2
Let G
~ G
~2 ) whenever
is a mapping f : V (G1 ) → V (G2 ) such that f (u)f (v) ∈ E(
~ G
~1 ). In this case, we say that G
~1 is G
~2 -colorable, that the vertices
uv ∈ E(
~2 are the colors assigned to the vertices of G
~1 , and that G
~2 is the color
of G
~1 . Clearly, an oriented graph G
~ has an oriented k-coloring if
digraph of G
~ has a
and only if there is a tournament T~k with k vertices, such that G
homomorphism to T~k .
Many papers have presented NP-completeness proofs for ocnk , see Table 1. In the present work, we prove that ocnk remains NP-complete even
~ This
when restricted to a connected, planar and cubic oriented graph G.
NP-completeness result is obtained using the reduction in [CFGK13], and
the NP-complete problem [BKS03, CFF+ 08]:
P3sat3 - planar 3sat with at most 3 occurrences per variable
instance: Set U of variables and collection C of clauses over U , |U | = n
and |C| = m, such that: (i) each clause c ∈ C satisfies |c| = 2 or |c| = 3;
(ii) each variable has 2 or 3 occurrences and each negative literal occurs
once in C; (iii) the bipartite graph G = (V, E) is planar and connected,
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where V = U ∪ C and E contains the pairs (u, c) if and only if either u or
u belongs to clause c.
question: Is there a satisfying truth assignment for U satisfying all
clauses of C?

2

NP-completeness reduction

In [CFGK13] it was shown, using the component design technique, that
ocn4 is NP-complete even for connected, planar, bipartite and acyclic
~ with ∆(G) = 3. For this purpose, from an instance
oriented graph G
I = (U, C) of P3sat3 , it was constructed for each variable ui of U a truth
~
setting T~i and for each clause cj of C a satisfaction testing
 Sj , see Figure 1.
~
Next, it was considered the planar bipartite graph (U, C), E(U
∪ C) ,
~ by suitably locating the corand it was obtained a planar drawing for G
~j .
responding graphs T~i and the corresponding graphs S

ui
ui

T

F

B

A

ui

~j in the
Figure 1: Graphs used in [CFGK13]: Graph T~i in the left, graph S
middle, and color digraph in the right.
Theorem 2.1. ocn4 is NP-complete even for connected, planar and cubic
graphs.
~0
Proof. Now we construct another instance connected, planar and cubic G
~ built in [CFGK13], such that G
~ 0 has a 4-oriented coloring if and
from G
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~ has a 4-oriented coloring. For this, note that the special oriented
only if G
~ has only vertices with degree 2 and 3. To construct G
~ 0 we consider
graph G
~ the additional gadget Gd (v) in Figure
for each vertex v of degree two of G
2, where Gd (v) = ({v10 , v20 , v30 , v40 , v50 }, {v20 v10 , v20 v30 , v40 v10 , v40 v30 , v30 v50 , v50 v20 , v50 v40 }) in
Figure 2(a), adding the edge v10 v. Observe that whatever color {A, B, F, T }
assumed by vertex v, there is a corresponding coloring in one of the Figures 2(b), 2(c) or 2(d) which can be extended to gadget Gd (v). Now the
graph G0 is cubic and planar. And the instance I = (U, C) is satisfiable
~ 0 has a 4-oriented coloring. Note that G
~ 0 is neither acyclic
if and only if G
~ because Gd (v) has directed cycles of length three. 
nor bipartite as G
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Figure 2: (a) Gadget Gd (v). (b), (c), (d) all possible color assignments to
the vertex v using color digraph in Figure 1.
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Conclusion

In this work, we have established the NP-completeness of ocn4 on planar and cubic oriented graphs, it is an extension of results obtained in
[CFGK13]. The results in [Sop97] and [CFGK13] implies a P versus NP~ ≤ 2 and ocnk , k ≥ 4
complete dichotomy: ocnk , k ≥ 4 is in P if ∆(G)
~ ≥ 3. Table 1 summarizes the state of the art of
is NP-complete if ∆(G)
ocnk , k ≥ 4 NP-completeness on the listed special graph classes. Sopena
in [Sop97] conjectured that for oriented graphs with maximum degree 3
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there exists no such connected graph with oriented chromatic number
greater than 7, and Sopena and Vignal [SV96] provided a polynomial~ with maximum degree
time algorithm to yield an oriented coloring of G
3 using 11 colors. We continue with the same open problem posed in
[CFGK13], of determining the minimum number 4 < h ≤ 11, such that it
is a polynomial-time problem to yield an oriented coloring for an oriented
~ with maximum degree 3 using h colors.
graph G
Table 1: [X] - Result in this paper.
[BJHM88]

Deciding whether a digraph has a homomorphism to a tournament T~
with at least two directed cycles, is NP-complete.

[KM04]

ocn4 is NP-complete.

[CD06]

ocn4 is NP-complete on acyclic oriented graphs with ∆ =max(p+3,6).
ocn4 is NP-complete on bipartite oriented graphs with ∆ =max(p+3,7).

[GH10]

ocn4 is NP-complete on acyclic oriented graphs with ∆ =max(p+2,4).

[CFGK13]

ocn4 is NP-complete on connected, planar, bipartite and acyclic oriented
graphs with ∆ = 3.

[X]

ocn4 is NP-complete on connected, planar, cubic oriented graph
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