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Abstract

We investigate the asymptotic behavior for ¢ — +oo of the radius
P () of the spatial uniform analyticity of solutions u(t,x) of the initial
value problem for fractional Burgers’ type equations with source term,
z€N, Q=Ror Q=T:=R/(2rZ). Two different estimates are proved:
for € R and in the periodic case z € T under suitable decay of LP(€2)
norms of u when ¢t — +00. We also exhibit explicit solutions to Burgers’
equation which show that our asymptotic estimates for pf, (t) ast — 400
are sharp in case () = R.

1 Introduction

We consider the IVP for inhomogeneous evolution equations of parabolic type

with conservative quadratic term

o+ |D|™u+ 0,(u?/2) = f(t,z), t>0,2€Q (1.1)
ulmg = u®, (1.2)

where 2 = R or, if we consider 27 periodic data, 2 = T = R/(27Z), m > 1,
and |D|™ = |D,|™ is the (nonlocal if m ¢ 2N) operator

D™w(z) = / Clemae) de,  de = (2m)Mde (13)
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(respectively,

DIMw(r) = oo S elemale) (1.4

ez

if Q@ =R (respectively, 2 = T). Here

W(E) = Fpoew = /R e (x) do

(respectively,
2
W) = Fomew = / e~ w(x) dx)
0

stands for the continuous (respectively, discrete) Fourier transform if Q@ = R
(respectively, Q = T). In the periodic case we suppose that u°(z) and f(t,x)

have mean values zero, i.e.,

/O27r u'(z)dz = 0, (1.5)

f(t,z)de = 0, t>0. (1.6)
0

The initial data u® can be singular, e.g., in some Sobolev LP(Q) based spaces
or in homogeneous Besov spaces. If m = 2 we recover Burgers’ equation, while
for general m such evolution equations are related to physical models, see [6],
[7], 8], [23] and the references therein.

It is well known (cf. [14], [28], [13], [3], [4], [24], [16], [17], [11], [27], [10] and
the references therein) that, broadly speaking, solutions wu(t,z) to semi linear
parabolic equations with analytic nonlinearities become uniformly analytic with
respect to the spatial variables x for t €]0, to[, for some ¢y > 0. One is naturally
led to the following definition: given u € C'(]0,T[: L. .(R)) and ¢ €]0,T|, we

loc
define
p(t) = supdp > 0 uft, ) € O©,)) a7
with pp(t) := 0 if it cannot be extended to a function in O(£2,) for any p > 0.

Here

Q,={z€C": |lmz| < p}, p>0 (1.8)
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while O(T") stands for the space of all holomorphic functions in an open set
rccr.
We are interested in finding conditions on weak global in time solutions of
(1.1), (1.2) leading to
lim pp,(t) = +oo. (1.9)

t—+o0
The main novelty of the present paper is the thorough analysis of the asymptotic
behavior of pp,(t) for t — +oo.

We point out that in general (1.9) does not hold unless we require a priori
decay of |lu(t,)|» as t — 4oo for some p > 1. Indeed, the results on the
uniform analyticity and explicit examples of solitary wave solutions wu(t,x) =
v(x + ct), for some ¢ € R (cf. [18], [9], [21], [20], [5]) show that it may happen
that pp,(t) = const for t > 0.

On the other hand, the results in [3] on analyticity for self-similar solutions
of Navier-Stokes and Cahn-Hillard type equations in R" suggest an estimate of
the type pp(t) > ct'/™, t — 400. Roughly speaking, we will show that under
suitable decay conditions on a solution v and suitable uniform analytic-Gevrey

estimates on the source term f we can always find ¢ > 0 such that
P () >ct™ >0 (1.10)

In the case of periodic data we are able to improve the estimate for large t,
namely

p[u}(t) > ct, t>1 (1.11)

We will present explicit solutions u(t, x) of (1.1) for m = 2, @ = R (Burg-
ers’ equation) with initial data Dirac delta functions such that (1.10) is sharp.
Moreover, every such u(t,z) extends to a meromorphic function in z € C with
simple poles for every t > 0.

The paper is organized as follows: in Section 1 we define scales of Banach
spaces of Gevrey functions and state the main results. Sections 3 and 4 deal
with the fundamental solution of 9;+|D|™ in the framework of Gevrey spaces for

Q=R and Q2 =T, respectively. The key of the proof, a suitable decomposition
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of the Green function, is given in Section 5. The proofs of the main results
are given in Section 6. We derive sharp estimates for pp,(t) for some explicit

solutions to Burgers’ equation in the last section.

2 Gevrey spaces of uniformly analytic func-
tions and statement of the main results

First we introduce LP(R™) based Banach spaces of uniformly Gevrey functions

G (R™), 0 > 0. Here f € G7,(R™ : LP(R™)) means that for some C' > 0

Clel
sup (T sup |3§f(x)|) < +o0, (2.12)
a€Zl} (al)? sern
where a! = a1l !, @ = (a1,...,0,) € Z7%. | if 0 = 1, we obtain that every

f € GL (R") is extended to a holomorphic function in {z € C"; |[Im z| < C7'}.
If 0 < 0 <1 we get that G7(R"™ : LP) is a subspace of the set of all entire
functions in C of exponential type 1/(1 — o) (see [26] for more details).

We recall the spaces of time dependent uniformly analytic functions in R
(cf. [3], [4]). Let ¢ € [1,+0o0], 6 > 0, 8 > 0. We define the global in time spatial
Gevrey type Banach space A%(5; L9(€2)) as follows

A%(5; L9(Q)) = {ue 0(]0,00]: H; ()« [Jullggs < +oo}  (2.13)
where

5‘04 le| o
lulogs == > 5 sup <tm+9H8 u(t,-)HLq>. (2.14)

A >0
aEZﬁ

Here H;>*(Q) = ,er H:(Q2) C C®(Q), ie., H ®(R) is the set of all u €
C*(R) such that 0%u € LI(R) for all a € Z, while in the periodic case we
have H >°(T) = C*(T) = C35(R). Next, we write S'(R) (respectively S'(T) =
D'(T)) for the space of all tempered (respectively periodic) distributions in
R (respectively T) while || f||z« stands for the L(Q2) norm of f. We observe
that if § = 0, u = 2, with the convention 0° = 1, A%(0; L¢(Q2)) coincides with

the global Kato-Fujita weighted space Cy(L%(€2)) with norm ||ul|g,, := [|u||g.g0,
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used in the study of Navier—Stokes equations and, more generally, semilinear
parabolic equations with singular initial data, e.g., see [1], [3], [4], [25] and the

references therein. We introduce also the (semi)-norm

g g5 = lullogs — llulloq
(5'04 m_’_g
= Y Sosup (ol ) (2.15)
al t>0
a€Z\0

and the corresponding partial sums

Snluif..8) = —sug(t%+9||aau(t,-)||m) (2.16)
>

a€Z\0,|a|<N

for all N € N. We note that A%(5; L9(2)) — A%(§'; L4(Q)) provided 0 < ¢’ < §
and if u € A?(5p; L4(Q)) for some fixed &y > 0 then

)

Next, we denote by Sj(T) the space of all 27 periodic distributions with
mean value zero. Let ¢ € [1,4+00], d > 0, 7 > 0. We define the global in time
L9 based spatial Gevrey Banach space A%(9; L?) as follows

AL(S;L7) = {ue C(J0,00: SHT) [ \(H™(T)) : [Jul| Py < +oo},(2.18)

q 7,450

where

ex (ot
luliy = 3 s (O ue s ). (219

al
an’; s

We introduce also the (semi)-norm

lulrg:s lullzgs — lwllZd
5t)lel
= Z sup eTt%Haau(t,-)HLq(T) ; (2.20)
a€Zn\0 >0 o
+

where

exp

alzp <=l = sup (™t ) oo (221)
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Clearly AZ(d; L9) — AZL(d'; L) provided 0 < ¢’ < 6 and if u € A% (dy; L9) for

some fixed dg > 0 then

)
[P < 5—0|u|exp 0<0 <. (2.22)

7,q;0 7,500

As we will use mainly L? based Gevrey norms on the torus T, we introduce
simplified notations ||lul[$ := [|u|75, i’y = [l 5, and so on.
We will use the partial sums

ot)le
SSPlu; T,8] = > sup <eftQHaau(t, ->|\) . N eN(2.23)
t>0 a!
a€Z\0,|a|<N

Sobolev embedding theorems and the Cauchy integral formula for the radius
of convergence of power series imply that if u € A%(5; L9(2)) (respectively,
u € A%(5; L)) then u(t, ) is holomorphic in the strip {z € C : [Imz| < 5t'/™}
(respectively, {z € C: [Imz| < §t}).

We state the first main result of the paper.

Theorem 2.1 Let 1 <m <3,2<p<+oo,p>1/(m—1)andp <2/(m—2)

i case m > 2 with the convention p < 400 if m = 2. Set

9= 0(m.p) =1 (14 %) (2.24)

Suppose that for some oy > 0 the source term
f e A% (50; L*(R)). (2.25)
Then if
u € C([0,00[: S'(R)) [ Co(LP(R)) (2.26)

is a weak solution to (1.1), then there exists § = 6(m, ||ullo.Le, || f|l20.1.5,) €]O, o]
such that
u € A%(5; LP(R)). (2.27)

(2.26) holds if u® € |D|*™(LP(R)) =: H;*"(R).

p

Next, we deal with the periodic case.
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Theorem 2.2 Suppose that for some 6o > 0, 79 > 0 the source term
f € AP (8 : L'(R)). (2.28)
Then if for some 6y > 0
u € C([0,00[: S'(T)) () i 12 (2.29)

is a weak solution to (1.1), (1.2) then there exist 6 = d(m, |lully™, [ fI|7Ts,) €
10,60] and 6 >0, 0 < min{r, 0y} such that

ue AL L. (2.30)

In particular, (2.29) holds if u® € Hy %™ (T).

3 Estimates for the fundamental solution in R

We denote by E,(t,-) = E,(t,z) the fundamental solution of the operator
at + |D$|m

En(tz) = /Re”ftf"" ¢ = ﬂ%gm(ﬂ%) (3.31)
where &,(z) = /eiz§—|§|m dc.
Lemma 3.1 Let 0 > 1/m. We have
Em € GZ.(R:LP) (3.32)

for all 1 < p < oo. In particular, if m € 2N, then &,, belongs to the Gelfand—

Shilov space S (R) cf. [15], namely there exist a,b > 0 such that

(m— 1 )/m
0% f ()| < " (kD) D/metlel ™ ez 2 eR. (3.33)
Proof: We have
D2l < / eleler ag

1
- (atl)/m=Te=n qp — — T 1 34
[ 1= ——T((a+1)/m), (331

mi
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for all @ € Z,, with ['(z) standing for the Gamma function. The Stirling
formula leads to (3.32) for p = co.
In order to derive L'(R™) estimates we need somewhat more subtle argu-

ments. Let |z| > 1. Suppose that a« € N, o > 2. In view of the identity
ia (e') = 't (3.35)
iz © ’

for z # 0, and the fact that % " € C?(R) for a > 2, we can integrate by

parts twice and obtain

1 ; m
DEEns) = —7 [ epene ) ag
1

_ Y[ e pmpey e

3 [ Qe a. (330)
where QI (€) = a€™>((a — 1) — 21€]"™) + meJe[™>(ml¢l™ — (m — 1)). The
integral in (3.36) is convergent near & = 0 since Q,(€) is bounded by C|¢[~1+™
for |£] <1 provided a > 1 or « = 0, m > 1. Therefore

02E(2)] < ﬁ > L (3.37)
with
Lo = O‘(fni;l)r((a —1)/m) (3.38)
o= %F((a +m—1)/m) (3.39)
Loo— 27m1“((04 +2m — 1)/m) (3.40)
Lo = Q(mf_l)r((a +m—1)/m). (3.41)

It remains to show that &, € L'(R) if 0 < m < 1. We will use oscillatory
integrals and the Fourier transform of homogeneous distributions (cf. [19]). Let

e e CP(R), 0 < (&) < 1for & €R;yp(§) =1if [{] < 1;suppy C [-2,2]. Set

k=k(m)=min{¢ € N: {m > 1}. (3.42)
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Evidently k£ > 1 if m > 1. By the Taylor formula we get

k—
e = Z e+t )
o <_> " —
a0 € / (1= )t gy
which yields the following decomposition
k—1
Em(z) = En(2)+EL(2)+ > HL(2) (3.43)
=0
e = [ g a (3.44)
R
) = [ el o) a (3.45)
R

—1)¢ )
I S S NN SR Rt

We can integrate by parts twice in the integrals in the RHS of (3.44) and (3.45)
and obtain that & (z) = O(|z|7%) as z — oo, for j = 1,2. The integration
by parts is not possible in the integrals defining H’ (z) since non integrable
singularities of the type O(|¢|~'7#), u > 0 appear near £ = 0. We will represent
the convergent integrals in the RHS of H’ (2) as sums of two oscillatory integrals

(tempered distributions) with singularities at z = 0. We can write

/ eFp(€))E™ & = / e|E™ ag + / (1 — (€)™ TE(3.47)
R R K

The first oscillatory integral in the RHS of (3.47) is the inverse Fourier transform
of the homogeneous Schwartz distribution |¢|™¢, and it is homogeneous of order

—1 —m/, hence
/ et ae = et zeR\O0 (3.48)
R

for some ¢ € C, with ¢7¢ = 0 if m¢ € 2Z, since in that case the LHS
equals (modulo a multiplicative constant) the mf—th derivative of the Dirac

delta function (cf. [19]). The outcome of (3.48) is that the LHS belongs to
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LY(|z| > 1) for all £ € Z,, m > 0. As to the second oscillatory integral in the
RHS of (3.48), as (1 — ¢(£))|€[|* is smooth, we can integrate by parts and write

1 iN i N l
[ ea—polertas = I [ o (a-eleple™) e (349
R R
for all z € R\ 0, N € N. Since
sup(1-+ €)1 (1= @(€DIE™) | = My <+ (350

if N > [mf] + 2 ([r] standing for the integer part of r) we get by (3.49) that

C C
|eta—c@ngmag < o< =1 G

1
with Cy = MN/ —_
e (1+[¢[)N—
L'(R) estimates. Standard interpolation arguments conclude the proof of (3.32).
Suppose now that m = 2k, k € N. Then e ¢I" = ¢ ¢ ¢ Sf;nml /m(R) by

properties of the Fourier transform in the Gelfand—Shilov spaces (cf. [15], see

d¢ < +oo. This yields the validity of the

also the direct estimates in [4]). The proof is complete.

O

The next theorem derives Gevrey type estimates for the fundamental solu-

tion F,, for all m > 1 which might be of independent interest.

Theorem 3.2 Let m > 1. Then

E, € A=079(5L9) (3.52)
OE, € AY™=0-9(5 L) (3.53)

for every q € [1,400], and we claim that there exist two positive continuous

bounded functions C(q) and D(q), 1 <r < 0o, such that

[Emllma-1/qas < Cl@)E1p m-1)/m(C(q)d),  6=0; (3.54)
1Bl -1/, < Cl@)0EZP m-1)/m(C(q)), 0 2> 0; (3.55)
10Em |l mir/ma-1/qg0 < D(@)Ewp m-1y/m(D(q)d), 6 =0; (3.56)
OEnl jms1/m-1/0)q5 < D(@IEZP (m-1)/m(D(q)9), d >0, (3.57)
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where
(o0} Z _
Erpo(z) = »_ O z€R (3.58)
k=1 V'
for o > 0 while
Expo(z sz = T |z| < 1. (3.59)
k=1
Proof: One observes that
1 T
k _ ok _ (k)=
O"Ey =0, En(t,z) = tk/mé’m (tl/m), t>0,zeR (3.60)

for all £ € Z,. Lemma 3.1 and the Stirling formula imply that there exist
continuous positive functions C;(p), j = 0,1, 1 < p < +o0 such that

€5 ) < (CHE)RYT, REN =01 (361

Hence, combining (3.60), (3.61), we get
- — (Ci(@)d)*
1 Enllyma-1/0.a6 < Cj(q) § m (3.62)
which yields the proof of (3.54) and (3.56) in view of (3.59) and (3.59). Similar
arguments lead to (3.55) and (3.57). The proof is complete.

4 Estimates for the fundamental solution in
the periodic case

Let us consider the fundamental solution EP¢"(¢,-) in the case 2 = T. We recall

an expression for EP¢" (¢, x) via its Fourier series, namely

1 . m
B (b ) = (1, €) = 5= Y el (4.63)

E—z—m
e

In view of the mean value conditions (1.5) and (1.6) one introduces

1 1 ,
ET(t 2) = ET tE) — —)=— iz —tlg]"™ 4.64
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Clearly
1 .
ko T _ iz —tg|™ (; e\ k
O"E,,(t,x) o E e (i) (4.65)

EEZ\O

and the Parseval identity yields
I ER ()P = Y e " kel (4.66)
£€Z\0

We show a discrete analogue to Lemma 3.1.

Lemma 4.1 Let m > 1. Then we can find Cy = Cy(m) such that for every
n €]0, 1[ we have

] er Ck+1 — m—1)/m — m—j/m—
Ha];Jr]Egl ( )H B (1 —77)k‘+1/2m+J/m nt(k!)( iy fmel 0, k € Z4
(4.67)
for 7 =0,1.

Proof. We will give the proof for j = 1 (the case j = 0 is easier to deal with).
Since |£] > 1 implies t*[£]" < t*|€|F™ for all ¢ > 0 we get

(3/Cm+k O E(+ 2 2ntt1/m 2t(1—n)[€|™ 12/m+2k ¢2k+2
I P < e :
£EZN\O
tl/m
< e~ 2nt Z 6_2t(1_77)|£|m(t|£|m)2k+2/m
£EZN\O
tl/m
=2t —2t(1—n)j
= € T(2(1 — 7)) 2+2/m Z
(2t(1 = n)j™ )%*2/ "
< omt tl/m
e
= R
X W (2(1 —n)t; 2k +2/m) (4.68)

where
> e () (4.69)
j=1

We focus on estimating W,,(r; () for r > 0, £ € Z,.

We need an auxiliary assertion.
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Lemma 4.2 Let m > 0, £ > 0, r > 0. Then the function g(z) = z™e "

admits a unique mazimum at z = (£/mr)™ and

spg(z) = g((L)im) = (5) (4.70)

2>0 T T
Proof: Straightforward calculations lead to
g(2) =mz™ e (0 —r2™), z2>0
and ¢'(z) > 0 for z €]0, (£)*/™[ and ¢'(z) < 0 if 2 €](£)"/™, +o0[. The proof of

the lemma is complete.

Next, we apply the lemma and readily obtain

U (ril) < (et Z 1+ e " (ri™)*

1<<(£)1/m J=(E)r/m

+o0
< pmU/mplED/me=t 4 / e ™" (ry™)" dy
0
+oo
0

1
— pYm (g(#rl)/me—f +—I(+ 1/m)) . (4.71)
m

Finally, applying (4.71) with r = (2(1 — n)t, ¢ = 2k + 2/m to (4.68) and
using the Stirling formula, we complete the proof of (4.67).

5 Decomposition of the GGreen function

First we derive Gevrey estimates related to the contribution of the source term
f(t,z) in the case 2 = R. We define the Green function G,, as G,,,[f](t, ) =
t

/ En(t—s,:)* f(s,-)ds.
0
Lemma 5.1 There exists C > 0 depending only on p and m such that

SNGmlfl;0,p,0] < COBap (m1)/m(C) || fll20,2
+ CEzp (m-1)/m(CONfbg )25 (5.72)
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for all f € A?(5y; LP/?), N € N, § €]0,00[. In particular, letting N — 400, we

get
Gl flllops < COLIP gn1)/m(C0) || fllog,/2
+ CEp gn1)/m(CO)flr, 15 (5.73)
and
i [[Gonlfllops = 0. (5.74)

Proof. We recall the well known property for derivatives of the convolution

F(frg)=0"fx0%,  a=0,1,... k.

We have
Galflfia) = 2L [+ Buti = 5.5 165 ) as,
s
ok k/m pt
= B [ 0B s s s
B t 5ktk/m (t_s>k/m .
= /0 ((t—s)l/m—i-sl/m)ksT( Y Em(t_s"))
STf(S7'>dS

k t kik/m
Skek/
+ JZI/O ((t—s)l/m+81/m)kST

(t _ 8)(k_J)/m i
X ————0"TE,(t—s,-
(k=) (=)
§igi/m+T
5T ————0 f(s,") ds (5.75)
j!
Applying first the Young inequality for the LP(R) norm with 14+1/p = 1/¢+2/p,

1/q =1—1/p, then a summation from k£ =1 to N in (5.75) and changing the

order of summation we get

' 1
(Gl 6,p.0] < <t0/0 (t — s)1/m(1+1/p) 520 ds) C(p)o
< Exp gu1)/m(C(2)0) || fll20,52

! 1
6
* <t /0 (t — s)1/m(1+1/p) 520 ds)
X EXP (m—1)/m(C(P)ON b p 26 (5.76)
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Since the restrictions on p and m in the case Q2 = R imply 20 < 1, 1/m(1+1/p) <

1 we have

¢ 1 ! 1
9 _
¢ /o (t — 5)L/m(F1/p) 520 ds = /0 (1 — s)1/m(-1/p) 520 ds
= B(l-1/m(1+1/p),1—20), (5.77)

B(p, v) being the Beta function. The proof of (5.72) is complete.

Next, we investigate the source term in the periodic case.

Lemma 5.2 Let ;7,1 > 0, 0 <7 <1, 0 <n < 1. Then there exists C' =
C(n,7,0) > 0 such that the following estimate holds

C
a5 O IAIZT +UET) (5.78)

SNUIG111:0,0]

forall N € N, f € AL(dy), 0 €]0,80], § < C~1. In particular, letting N — +oo,

we obtain

C
G s = a5 @ IR + UL (5.79)

and

i (GRTSEE = 0 (5.80)

Proof. We have

et = 2 / O (Bt — 5,-) # f(5,)) ds,

It —s)F T IET(t — s,
]Zo/o G—pr 0 Pl
& sl

*T{)Vf(s, ) ds. (5.81)
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Choosing 1 €]60, 1] and applying (4.67) for j = 0 we get

Ck:—j-i—l(sk—j

k t
ot 4 —(n—0)(t—s) ,—(7—0)s
el < D [ et
]:

Y

X | —— i & f(s,)||z ds (5.82)

k

Ch—i+1 k=]

< Bn(n—0,7- Z )k—3+1/m)

j=

7—56 S j
X sup (He Tajf(s,-))HLl) (5.83)
s>0 J]:

where

t efu(tfs)efus
B (p,v) = st1>1g) (/0 m) < +400.

Then we conclude as in the previous lemma

O

Similarly to the arguments in Lemma 5.2 (applied for the L? norm) we get

&)
S]%[G[f], 6] < Bm(n — 9,7’ — 9)1_7 Hf”exp

O X
+ Bn(0, T)mlfh,f;a- (5.84)

The proof of the lemma is complete.

O

The next assertion is the first crucial step in deriving the analytic-Gevrey
estimates for large ¢.
Lemma 5.3 Let 0 >0, k € N, € €]0,1[. Then

kik/m
5’;! O (Gl )(t, ) = NF[ul(t, ) + R ul(t,2),  (5.85)
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where
(1—e)t 5ktk‘/m
£;0,t -
Nl = [ / A— a7
T —
R = R+ Pt ) + Qz*s[uw,x), (587
k
» B tl/m 5k
Rk,o[u](t’x) - /1 e)t/ ( t— S 1/m+81/m) k!(t_ 3)1)/771
x g+ (ﬁ) 2(s,y) dyds, (5.88)
k
€;0 _ tl/m o
P u](t, x) = /1 B} / ( PR 1/m+81/m) (k —a)l(t — 5)D/m
0% a/m
x  Ek- QH)(W) u(s, y)Tﬁgu(s,y) dyds, (5.89)
kot 1/m k k—a
€;0 _ t 0
k [u](t7x> - ; (1-e) / ( t — S 1/m +Sl/m) (k _ Oé)‘(t _ S)l)/m
a1 ca1/m
(k—a+1) r—y 3% a1
5a7a18(a7a1)/m 3
X @ —ar) 9, “u(s,y) dyds, (5.90)
with the convention Q7 [u] =0 if k = 1.
Proof: We have
5 5ktk m .
{Flul}pt,z) = 9 (Gpluu)(t, x))
= {F[U] V() + {F )}t @), (5.91)
where
kik/m (1—e)t
PRl to) = & / [ Bt s = s, ) dyds

(1- 5)t 5ktk/m o
= (k+1) Yy 2
a / / El(t — s) (k+1 gm ((t — s)l/m Ju”(s,y) dyds

= REMu)(t, x) (5.92)
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and
{F[u] %2(@ x) = Z/l Y / < t—s) Iil/::r 31/m)k (k — a)fl(:i s)D/m
< g (Y /m)‘sa(;/m O (u2(s,y)) dyds.  (5.93)
The Leibnitz rule leads to
aa;;( 2y = 21%8% + Z o) agfju (5.94)

for a > 2. Combining (5.93) and (5.94), we get (5.87), (5.89), and (5.90).

We define Cg°(LP) as the set of all Cy(LP) such that

sup (tm ) 0%u(t, )| rs) < +oo, o€ Zy. (5.95)
>0

The next assertion plays a crucial role in the proof of global in time uniform

spatial analytic regularity of solutions to the IVP for {2 = R.

Proposition 5.4 Let u € C*(LP), p>2, ¢q=p/(p—1). Then
SN[Gmlus), 0,p,6] < C*(q)de™ Exp,(Clg)oe™)||ul3,

1—¢ 1
ds
X /0 (1= 5)1/m(+1/p) 520

+ CQ(Q)lingpm(C(Q)

! 1
ds
<o
! 1
+ (O(Q)HUHG,LP /(15) (t — 5)1/m(+1/p) 520 ds)
Sjsv[u; 6, L7

! 1
+ (CQ(Q)(SExpm(C(Q)(S) /(1—5) (1 — s)1/m1+1/p) 520 ds)

X (S%_y[u; 6,0, LF])? (5.96)

2
1— €)|U|9,p;5
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for alle € [0,1[, N € N, 6 > 0. In particular, we can find o €]0, 1], such that

1 1

(t — 5) /0w 520 ds<1/2, e€[0,&). (5.97)

o= Co)ulss |

(1-¢)
Proof: First, we observe that u € Cp°(LP) iff Sy[u;0,p,d] < +oo for all
0 >0, n € N. Next, we estimate the L” norm of the LHS by the LP norms of
(5.86), (5.88), (5.89), (5.90). The summation from k = 1 to N and standard

combinatorial arguments lead to proof of (5.96).

O

In the periodic case we do not need the decomposition of G,,[uu,| in view

of the exponential decay property. We have

Proposition 5.5 Let n €]0,1[, 0 €]0,n[. Then there exists Cy > 0 such that

SSIPG [ung]; 0,6 < Co M (S5 [u; 6, 6])? (5.98)
1—Cy
for all § €]0,Cy ', N € N, where
M FerY oy 5.99

Proof: We derive (5.98) and (5.99) by straightforward estimates of the L?(T)
norm of the LHS by (5.86) for Q = T, taking into account that 0 < § <n < 1.
O

6 Proof of the main results

The estimates in section 5 allow us to propose simultaneous proofs of the two
main theorems.

We reduce in a standard way the IVP to the integral equation

u=U"t2)+ Gpluu,l, (6.100)
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where
U'(t,z) = En(t,-)*u’(z) + Gulf](t ). (6.101)

Let Q = R. We fix € €]0, g¢[ satistying (5.97). Then in view of (6.100), the local
in time regularity in z and (5.96) combined with bootstrap type arguments lead

to the existence of C' > 0 such that

Snlu;0,p, 0] < |UO|9,p;5 + C’5|u|3,p;5

_K;E

+ C(Sy_1]u; 0, p,0])? (6.102)
forall N € N, 0 < § <1 with the convention
Solu; 0,p, 0] = U%,5+ Coluly s (6.103)

Similarly, if 2 = T we obtain, using Proposition 5.5, that one can find C' > 0
such that

S5P[us0.6) < UL + C(SPy[us 0, 0]) (6.104)
for N € N, 6 > 0, where
S lus0,6] = UG (6.105)

We have the freedom to choose > 0 small enough and we observe that for

0 < § < 1 the Picard type iteration inequalities (6.102) (respectively, (6.105))

imply that
sup Sylu; 0,p,0] = |y, s < +00 (6.106)
NeN

(respectively,
sup Sy [u; 0,0 = [y < +00). (6.107)
NeN ’

Therefore Theorem 2.1 (respectively, Theorem 2.2) is proved.
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Remark 6.1 We can show global in time estimates on pp,(t) for solutions to
some evolution equations with conservative terms but with non homogeneous
dissipative parts, like generalizations of Kuramoto—Sivashinski equations (see
[2], [4] and the references therein). However the validity of (1.9) remains an

open problem for such equations.

7 Sharp estimates on the radius of the analyt-
icity for Burgers’ equation

The aim of this section is to investigate the spatial analyticity of some explicit
solutions to Burgers’ equation. We recall that by the Hopf-Cole formula the
solution to the IVP

O+ 0,(u?/2) — Uy = 0, reR,t>0

u(0,z) = wp(z), reR (7.108)
is given by
u(t,z) = —20,(Inv(t,z)) = —2M t>0,xreR (7.109)
) - T ) - U(t,x) ) ) .
1 (z—y)*
t, = B dy, t>0,reR 7.110
o) = o= [ ay . (7.110)
where
w(y) = W Uyy) = uoly) (7.111)

satisfying Up(y) = o(y?) as y — oco. We recall the well known fact that in that

Ay extends to an entire function in 2 € C for positive times.

case v(t,z) = €'
Hence, the question of the radius of the analyticity p(t) is reduced to the study

of the zero(s) of the entire function v(¢,x), x € C for ¢t > 0, namely

p(t) = min{|Imz(t)];z € C, v(t, z) = 0}, t>0. (7.112)
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We choose u” to be a multiple of the Dirac function massed at the origin, i.e.,
uy = co(x), ceR\O. (7.113)

We introduce the function

1 [t
D(z) = —/ eV dy, z € R. (7.114)

™

Straightforward arguments imply that D(z) is an entire function in C, 0 <
D(€) < 1, ¢ € R, and for every p €] — 0o, —1]|(]0, +00] one can find o = o(u)
such that

D(z)+pn # 0, z€C, |Imz| < 0. (7.115)
We have

Proposition 7.1 Let u(t,z) be the solution of the IVP (7.108) for Burgers’
equation defined by (7.109) with initial data wy given by (7.113). Then there
exists at most one exceptional value co € R, co # 0, such that the entire function
D(z)+ (e — 1)1 #£0, z € C, i.e., the set N, of all z € C satisfying D(z) +
(e —1)7' = 0 is empty iff c = co. Moreover, u(t,x) extends to a holomorphic

function in the strip |Imz| < 2d./7t provided N, # (), where
d. = inf{|Imz|; z € N.}. (7.116)

We note that d. > 0 because of (7.115). Finally, if N. # 0 and t > 0, the

function u(t,x) extends as a meromorphic function with single poles at © =

2k Tt, Ke € N,.

Proof. We choose as a primitive function U°(y) = cH(y), where H(y) stands

for the Heaviside function. Then we have

v(t,x) = ! 67(123)266H(y)d
’ B 2\/7Tt R 4

1 /0 _ (123)2 d
= e
2Vt J_s 4

el /+°° et (7.117)
€ (& t .
2\/ 7t 0 Y
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Combining (7.117) with the definition of D(z) we rewrite v as follows:

v(t,z) = 1+ (e —1— /(\/_ eV dy
—x/(2

; \/7?) (7.118)

when ¢ € R, ¢ # 0. Thus v(t,z) =0 for t > 0, z € C iff

= 1+ (e —1)D (

D(— )+ (=17t = 0. (7.119)

x
2Vt
Since D(z) is not a polynomial the existence of at most one ¢, follows from
the great Picard theorem in complex analysis (e.g., cf. [22]). We note that
(e—1)"' > 0if ¢ > 0 while (e —1)"! < —1 when ¢ < 0. In view of (7.115),
(7.118), (7.119), (7.111) and the definition of d. the proof is complete.

Remark 7.2 One can investigate the spatial analyticity of particular family
of weak solutions (used in [12] for non—uniqueness in H*(R), s < —1/2) and
obtain somewhat surprising different from (1.10) asymptotic behavior of pp,(t)

fort — 4-00. More precisely, let

0,v.(t, x)
() = —20,In(1 +v,(t, x)) = —2-2205 )y S0 s eR
ue(t, x) n(l+ v.(t, z)) T+ 0.(t.2) T €
o 22
v(t, ) = e, t>0,z€eR

2/t

where ¢ is a positive constant. For each ¢ > 0 the function u. solves Burgers

equation for t > 0, u € C([0, +oo[: H™Y?75(R)), € > 0 and u(0,-) = 0 in a

)

weak sense cf. [12]. Then we can prove that

im e > 0 7.120
t—+o00 \/glnt p ( )
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